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By means of an adapted mean-eld expansion for large llings n ≫ 1, we study the evolution of
quantum utuations in the time-dependent Bose-Hubbard model, starting in the superuid state
and approahing the Mott phase by dereasing the tunneling rate or inreasing the interation
strength in time. For experimentally relevant ases, we derive analytial results for the temporal
behavior of the number and phase utuations, respetively. This allows us to alulate the growth
of the quantum depletion and the deay of o-diagonal long-range order. We estimate the onditions
for the observability of the time dependene in the orrelation funtions in the experimental setups
with external trapping present. Finally, we disuss the analogy to quantum eets in the early
universe during the inationary epoh.
PACS numbers: 73.43.Nq, 03.75.Lm, 03.75.Kk, 05.70.Fh.
I. INTRODUCTION
The rapidly growing interest in the exploration of the
dynamis of quantum phase transitions [1℄ fosters our un-
derstanding of the omplex behavior of many-body sys-
tems far from equilibrium. This onerns, in partiular,
the interplay of the mirosopi degrees of freedom, their
entanglement, and the resulting emergent behavior. The
ontrolled study of the time development of orrelation
funtions expressing these entanglement properties, and
the dynamial emergene of orrelations from an initially
unorrelated state has been undertaken for various sys-
tems. The Bose-Hubbard model, desribing the essential
arhetype of an emergene of strong orrelations when
one rosses a quantum phase transition point, was origi-
nally introdued in a onventional ondensed matter on-
text, to explain ertain properties of bosons in periodi
and/or random potentials [2℄. Its implementation with
ultraold atoms [3℄ and the subsequent experimental re-
alization of the superuid-Mott transition [4℄ has aused
a urry of researh ativity.
This ativity is reviewed from a theoretial point of
view in [5℄, while a number of reent experimental eorts
studying ultraold atoms in optial latties are overed,
e.g., in [6℄. Initially, theoretial studies were primarily
devoted to the transition from the Mott regime, where
number utuations are frozen (for ommensurate lling
of the lattie sites), to the superuid side of the transi-
tion for whih, onversely, phase utuations are frozen
[7, 8, 9, 10, 11℄. Most of these investigations were done
numerially, with the exeption of ertain exatly solv-
able ases like the Ising hain in a transverse eld [12℄.
We disuss here in detail a mean-eld approah, rst
presented in [13℄, whih enables the (in some partiu-
lar ases analytial) rigorously ontrolled alulation of
quantum orrelations developing in rapid quenhes from
the superuid to the Mott insulating phase. Suh a
number-onserving and hene ontrolled mean-eld ap-
proah is valid at large lling n ≫ 1 of the lattie sites,
with the square root of the inverse lling 1/
√
n providing
the expansion parameter [14℄. Here, we supply in par-
tiular analytial estimates for the appliability of the
results obtained in [13℄ to the experimentally relevant
harmonially trapped ase, by omparing the deay time
of superuid oherene to the propagation of the distur-
banes in the system indued by the quenh. It should be
noted that the mean-eld hydrodynami limit of large
site llings onsidered in the following is not of purely
aademi interest. While many experiments on the Mott
transition are arried out at small lling of order unity,
experiments on number squeezing at large lling have in-
deed been performed as well [15, 16, 17℄, already on an
early stage of researh into the possible ourrene of the
Mott insulator transition [15℄.
II. THE BOSE-HUBBARD MODEL AT LARGE
FILLING
The Bose-Hubbard model desribes interating bosons
on a lattie, hopping from site to site. Restriting our-
selves to (two-body) ontat interations, i.e., that two
bosons interat only if at the same site α, and to one
single-partile state at eah site, adding a one-partile
salar potential term, the Hamiltonian reads
Hˆ = J
∑
αβ
Mαβaˆ
†
αaˆβ +
U
2
∑
α
(aˆ†α)
2aˆ2α +
∑
α
Vαnˆα . (1)
The oupling onstant U is linear in the bulk ontat in-
teration oupling onstant g. The externally imposed
salar potential to additionally onne the atoms in the
lattie is in most experimental situations to date to a
good approximation harmoni, Vα ∝ α2, or linear like in
[17℄, Vα ∝ α. The matrixMαβ desribes the fat that, in
2the lattie, the eetive mass (and possible higher terms
in a gradient expansion), an in general depend on posi-
tion and the diretion of hopping of the partiles from site
to site. For the simplest example of a one-dimensional
hain with nearest-neighbor hopping, we have Mαβ =
δα,β− 14 (δα,β+1+δα,β−1+δα−1,β+δα+1,β), and the ee-
tive mass of the bosons is given by 1/m∗ = Ja2, where a
is the lattie spaing.
At large (average) lling n ≫ 1 the Bose-Hubbard
Hamiltonian (1) an be mapped to the so-alled quantum
rotor model (f., e.g., [1, 18℄). Insertion of the (quantum)
Madelung transformation aˆα = e
iφˆα
√
nˆα into (1) and ex-
pansion into inverse powers of n yields the quantum rotor
Hamiltonian
Hˆ =
∑
α
{
−nJ cos[φˆα − φˆα+1] + U
2
(nˆα − n)2
}
=
∑
α
{
−nJ cos[φˆα − φˆα+1]− U
2
∂2
∂φˆ2α
}
, (2)
where we have taken for simpliity a 1D lattie with no
external trapping, Vα = 0. As an important ingredient,
we use in this representation that loal number utua-
tion δnˆα = nˆα − n and phase variables are onjugate in
the limit of large n,
[
φˆα, δnˆβ
]
= iδαβ . (3)
The fat that the number and phase variables are anon-
ially onjugate variables (implying the very existene of
a phase operator) depends on applying the mean-eld
(and eetively hydrodynami, i.e. oarse-grained) limit
n→∞ has been known for a long time f., e.g., [19, 20℄.
The problems arising without the limit n → ∞ an be
seen by means of the full ommutator
[
φˆα, nˆβ
]
?
= iδαβ . (4)
Sine nˆβ possesses a disrete spetrum with proper eigen-
vetors |nα〉, taking the |nα〉-expetation value of the
above relation yields for α = β a ontradition. In the
large n-limit, however, the normalized utuations δnˆα/n
have quasi-ontinuous spetra and in this sense Eq. (3)
provides a valid eetive desription.
The form (2) provides a nie and intuitive understand-
ing of the two phases: In the superuid state, the rst
term on the right-hand side dominates and φˆα − φˆα+1 is
small (phase oherene). In the Mott phase, on the other
hand, the seond term wins and the number utuations
δnˆα beome small. Therefore, we may diretly read o
the saling of the ritial point Jc, whih separates the
two regimes Jc = O(U/n). We depit a shemati repre-
sentation of the superuid-Mott transition on a quadrati
2D lattie in Fig. 1.
FIG. 1: [Color online℄ Loalization (superuidMott) tran-
sition of partiles in an optial lattie. For inreasing lat-
tie depth and ommensurate lling (integer number of par-
tiles per site), the system performs a quantum phase tran-
sition from a superuid deloalized phase with highly mo-
bile bosons (left) to a loalized insulator phase with immobile
bosons at ommensurate lling (right). The present analysis
investigates the temporal evolution of orrelations when one
is rapidly going from the left (superuid) to the right (Mott)
side. For the sake of this representation, we display the non-
mean-eld ase of unit lling, n = 1, here.
III. DYNAMICAL MEAN-FIELD THEORY
We rst onsider the ase without external trapping,
Vα = 0, for whih the lling is homogeneous 〈nˆα〉 = n.
From (1), the Heisenberg equations of motion for the
lattie eld operator are (we take ~ ≡ 1 throughout)
i∂taˆα = J
∑
β
Mαβ aˆβ + Unˆαaˆα . (5)
To proeed, we now employ a lattie version of the
number-onserving mean-eld expansion whih in its
ontinuum version has been introdued in [21, 22℄. Sine
the Hamiltonian (1) annot be diagonalized exatly, a
ontrolled analytial approah requires a small or large
parameter suh that we an employ an expansion into
powers of this ontrol parameter. One option would be
the weak-oupling regime J ≫ U , where an expansion
into powers of U/J justies the mean-eld approah.
However, sine we want to study the sweep to the Mott
phase, this ratio does not remain small and hene annot
be used as a ontrol parameter. Therefore, we fous on
the ase of large llings n≫ 1 here and use 1/n as a small
expansion parameter [23℄. I.e., in the limit of large ll-
ings n, the full site eld operator is expanded into terms
of various power in n,
aˆα =
(
ψ0 + χˆα + ζˆα
) Aˆ√
Nˆ
. (6)
The operator Aˆ = aˆΣ(aˆ
†
ΣaˆΣ)
−1/2Nˆ1/2 with aˆΣ =
∑
α aˆα
aounts for the onservation of the total number of parti-
les Nˆ = Aˆ†Aˆ =
∑
α nˆα. Due to the number-onserving
nature of the ansatz, we have 〈aˆα〉 = 0 exatly, as op-
posed to non-number-onserving approahes, in whih
〈aˆα〉 = O(
√
n). We stress that a number-onserving
formalism is essential to desribe orrelation funtions
aurately, espeially those of higher order.
3As stated before, the above mean-eld expansion re-
quires that, at eah site, the integral lling nα = 〈nˆα〉 =
〈aˆ†αaˆα〉 ∈ N is muh larger than unity, nα ≫ 1. The idea
of (6) is to expand the original operator aˆα into pow-
ers of nα ≫ 1, onsidering the (formal) limit in whih
n ↑ ∞ but with the hemial potential µ = Un remain-
ing nite and xed, suh that U = O(1/n). The leading
term in the above expansion (6) is the order parame-
ter ψ0 = O(
√
n) desribing the ondensate part. The
linearized quantum orretions χˆα = O(n0) are deom-
posed into single-partile ontributions, and orrespond
to Bogoliubov quasipartile exitations above the super-
uid ground state, after a Bogoliubov transformation to
a quasipartile basis. For the validity of the expansion
(6), the remaining (non-linear) higher-order orretions
ζˆα ontaining multi-partile ontributions must remain
small, ζˆα ≪ 1, during the whole temporal evolution of the
system. Sine we are dealing with formally unbounded
operators, the ondition ζˆα ≪ 1 should be understood as
a weak limit, i.e., 〈ζˆα〉 ≪ 1 and 〈ζˆ†αζˆα〉 ≪ 1 et.
Thus, ζˆα of order unity signies that one approahes
strongly orrelated states, i.e., the Mott regime. These
strong orrelations are due to interations between
the quasi-partile exitations χˆα, whih beome stronger
when approahing the transition, and eventually gener-
ate a gap due to non-perturbative eets. The emer-
gene of this gap denotes the transition from the delo-
alized atoms (superuid state) to the loalized atoms
(Mott state), see, e.g., [24℄. In what follows, we are in-
terested in desribing the approah to the loalized state
of the atoms, and how in a dynamial quantum phase
transition the orresponding derease in the phase order-
ing takes plae.
The Bogoliubov-de Gennes equations for the quasipar-
tile exitations at site α, whih are by denition de-
sribed by the rst order operators χˆα, read
i∂tχˆα = J
∑
β
Mαβχˆβ + 2U |ψ20 |χˆα + Uψ20χˆ†α , (7)
with ψ0 being determined by the solution of the Gross-
Pitaevski mean-eld equation
i∂tψ0 = J
∑
β
Mαβψ0 + U |ψ0|2ψ0 = U |ψ0|2ψ0 , (8)
where the nal equality holds for a spatially homogeneous
ground state. All the residual terms, remaining after the
insertion of (6) into (5), determine the higher-order or-
retions ζˆα to the mean-eld expansion (6), whih then
evolve aording to the equation of motion
i∂tζˆα = J
∑
β
Mαβ ζˆβ + 2U |ψ20|ζˆα + Uψ20 ζˆ†α + (9)
+2Uψ0χˆ
†
αχˆα + Uψ
∗
0 χˆ
2
α + Uχˆ
†
αχˆ
2
α +O(Uζˆα) .
Deep in the superuid phase (our initial state), the
higher-order orretions ζˆα are small and the mean-eld
expansion (6) works very well. If we approah the Mott
phase, however, these orretions start to grow aord-
ing to Eq. (9) and, at some point, the mean-eld ex-
pansion (6) breaks down. The harateristi time-sale
of this breakdown an be estimated from the nonlin-
ear soure terms in Eq. (9), whih are suppressed to
O(1/√n) in view of the imposed onstany of the hem-
ial potential, so that U = O(1/n), ψ0 = O(
√
n),
and χˆα = O(n0). Therefore (starting in the superuid
phase), the higher-order orretions remain small as long
as we have Ut
√
n≪ 1, i.e., for evolution times whih
are of order t = O(√n). Thus, while Bogoliubov mean-
eld theory is, in priniple, also valid (initially, i.e., for
J ≫ U) for small values of n = O(1), the ζˆα orretions
in (9), whih desribe orrelations beyond those derivable
from the mean-eld plus single-partile utuations, i.e.,
from ψ0 and χˆα in (6), begin to grow very quikly in o-
equilibrium situations, then invalidating the Bogoliubov
approah at small lling. For large llings n ≫ 1, how-
ever, the mean-eld expansion (6) an be extrapolated
to relatively long time-sales t = O(√n), whih allows
us to study the sweep analytially (with ζˆα serving as an
indiator for the validity of the mean-eld approah).
Linearizing the polar deomposition of the fundamen-
tal eld operator aˆα = exp{iφˆα}
√
nˆα, we may identify
the utuations χˆα = ψ0[δnˆα/(2n) + iδφˆα] + O(1/
√
n)
in terms of the linearized number utuations δnˆα and
the onjugate phase utuations δφˆα aording to (3).
Eq. (7) an be diagonalized by a normal-mode expansion
into the eigenvetors Mαβv
β
κ = λκv
α
κ of the hopping ma-
trixMαβ , with the eigenvalues λκ labeled by the general-
ized momenta κ. To this end, we expand the number and
phase utuations via δnˆκ = v
α
κ δnˆα and δφˆκ = v
α
κ δφˆα,
respetively, and insert them into
χˆα =
√
ne−in
R
Udt(δnˆα/2n+ iδφˆα), (10)
where we have fatored out the time-dependene of
the Gross-Pitaevski wave funtion with the appropriate
phase fator ψ0 =
√
ne−in
R
Udt
as follows from (8). Thus,
we obtain from the Bogoliubov-de Gennes equations (7)
two real equations for the time evolution of density and
phase utuations in the eigenbasis labeled by κ,
∂tδnˆκ = 2nJλκδφˆκ ,
∂tδφˆκ = −
(
Jλκ
2n
+ U
)
δnˆκ , (11)
for generally time-dependent J and U . In ase that both
J and U are onstant in time, the above equations result
in the well-known Bogoliubov spetrum [25, 26℄
ω2κ = J
2λ2κ + 2nUJλκ . (12)
We now disuss two possible routes to approah or
ross the phase transition from the superuid to the Mott
side dynamially. Either one dereases the tunneling rate
in time or, alternatively, the interation is inreased to
4suppress the superuid density at given lling and thus
ross the transition line. It is demonstrated that in sev-
eral partiular ases for J = J(t) or U = U(t), respe-
tively, the Bogoliubov-de Gennes equations (7) an be
solved analytially.
A. Dereasing the tunneling rate
Combining the two equations (11), we get the following
seond-order equation for the number utuations [anal-
ogously for phase utuations, see Eq. (26) below℄(
∂
∂t
1
J
∂
∂t
+ λκ [Jλκ + 2Un]
)
δnˆκ = 0 . (13)
Dividing this equation by J and λ2κ, and dening a new
time oordinate depending on the mode index κ,
dτκ = λκJdt , (14)
we obtain an equation ontaining the operator ∂2/∂τ2κ ,(
∂2
∂τ2κ
+ 1 +
U
J
2n
λκ
)
δnˆκ = 0 . (15)
We note that this equation now ontains the ratio U/J
only, but not U and J separately, f. Se. III C below.
Let us rst study the ase J = J(t) while U = const.
Even though it is not possible to give a losed solution
of Eq. (13) for arbitrary time-dependenes J(t), there
are several ases whih do admit analyti expressions in
terms of Hankel H
(1)
ν or Whittaker Wν,µ funtions [31℄.
We listed a few ases in table I below.
In view of the asymptoti t ↑ ∞ behaviour of the Han-
kel and Whittaker funtions [31℄, we see that the number
utuations δnˆκ osillate forever in the last three ases
(J(t) ∝ t−1, t−2/3, t−1/2) though with a dereasing am-
plitude and frequeny. In the ase of an exponential  i.e.,
muh faster  sweep J(t) = J0e
−γt
, on the other hand,
the solutions δnˆκ do not have enough time to adjust to
the externally imposed hange of J(t) and freeze at a -
nite value (non-adiabati behaviour). Finally, the seond
ase J(t) = J0(γt)
−2
just marks the border between the
two regimes (eternal osillation versus freezing). Con-
sequently, the number utuations δnˆκ vanish for late
times in this situation (for λκ > 0).
The asymptoti behaviour an be interpreted niely in
terms of the analogy to osmology skethed in Se. V
below. The freezing of the number utuations δnˆκ
for J(t) = J0e
−γt
an then be understood via the
emergene of a horizon analogue  whereas for J(t) ∝
t−1, t−2/3, t−1/2, suh a horizon is absent. The ritial
behaviour J(t) = J0(γt)
−2
preisely marks the limit for
horizon formation, f. Se. V.
J(t) Solution Argument Indies and onstants Asymptotis t ↑ ∞
J0e
−γt Wiν,µ(2ixκ) xκ = τκ = −J0λκe−γt/γ µ = 1/2, ν = Un/γ xκ ↑ 0
J0(γt)
−2 √xκH(1)ν (xκ) xκ = τκ = −J0λκ(γt)−1/γ ν =
p
1/4− 2UnJ0λκ/γ2 xκ ↑ 0
J0(γt)
−1 H
(1)
ν (xκ) xκ = 2
√
2UnJ0λκ(γt)
1/2/γ ν = ±2iJ0λκ/γ xκ ↑ ∞
J0(γt)
−2/3 x
−1/4
κ Wiν,µ(ixκ) xκ = 3
√
2UnJ0λκ(γt)
2/3/γ µ2 = 1/16, ν2 = 9(J0λκ)
3/(32Unγ2) xκ ↑ ∞
J0(γt)
−1/2 √xκH(1)ν (cκx3/2κ ) xκ =
√
γt+ J0λκ/(2Un) ν = 1/3, cκ =
√
2UnJ0λκ/(3γ) xκ ↑ ∞
TABLE I: A few analytially solvable ases for time-dependent J = J(t). The last olumn indiates the behavior of the
argument xκ at late laboratory time.
It is very illustrative to ompare the various ases
disussed above to a harmoni osillator with a time-
dependent damping term and/or spring onstant. In the
last three ases (J(t) ∝ t−1, t−2/3, t−1/2), the spring on-
stant dominates (underdamped osillator) while the ex-
ponential sweep J(t) = J0e
−γt
indues a transition to
the overdamped regime at some time. The boundary
ase J(t) = J0(γt)
−2
would then orrespond to riti-
al damping, where the solution δnˆκ approahes zero
very quikly. For the Bose-Hubbard model, this time-
dependene would allow us to approah the Mott state
very eiently.
However, in an experimental realization, a dynamis
J(t) = J0(γt)
−2
requires some ne-tuning and is proba-
bly hard to ahieve. The exponential sweep is more inter-
esting from a theory point of view (sine it yields non-zero
frozen number utuations) and should also be a better
approximation to a realisti experimental situation. The
5experimental relevane beomes apparent onsidering the
fat that, in suiently deep d-dimensional simple u-
bi latties, J(t) ∝ (V0(t)/ER)3/4 exp{−2
√
V0(t)/ER}
and U ∝ (V0/ER)d/4 hold, where V0(t) is the time-
dependent lattie depth given by the laser intensity and
ER = pi
2/(2ma2) is the (onstant) reoil energy, with
m the bare boson mass [32℄. Apart from logarithmially
slow orretions, an exponential sweep J(t) ∝ e−γt there-
fore orresponds to inreasing the laser amplitude (and
therefore
√
V0) linearly in time, with U then remaining
approximately onstant.
For the ase of an exponentially dereasing tunneling
rate, a universal saling solution exists: As we may
infer from the table I, the solution (i.e., the indies µ and
ν of the Whittaker funtion Wν,µ) then do not depend
on κ. The saling time from (14), depending on the
mode index κ, reads τκ = −λκJ(t)/γ, so that Eq. (13) is
transformed into a sale invariant equation of the form
of Eq. (15),(
∂2
∂τ2κ
+
[
1− 2
τκ
Un
γ
])
δnˆκ = 0 . (16)
The only remaining dimensionless parameter determin-
ing the relevant universality lass of solutions of this
equation is ν = Un/γ. This parameter, equal to the ratio
of hemial potential µ = Un (i.e., internal energy sale)
and sweep rate γ (i.e., external time sale), represents a
measure of the rapidity of the externally imposed sweep:
ν ≫ 1 implies a slow and ν ≪ 1 a fast (non-adiabati)
sweep. The adiabatiity parameter ν determines the na-
ture of the nal state. Starting in the superuid phase
and ramping down the tunneling rate very rapidly, ν ≪ 1,
the system will have no time to reat to this hange. For
later times, the vanishing hopping J = 0 prevents an
equilibration of the number utuations, i.e., they will
be as large as in the initial oherent state in this situa-
tion. The slower we sweep J(t), the more time the system
has to adapt to this external hange and the loser the
nal state will be to the Mott state (i.e., smaller number
utuations will result from a slow sweep).
As listed in table I, the analytial solution of (16) an
be found in terms of the Whittaker funtions Wiν,1/2
[31℄. It allows us to obtain the following exat Bogoli-
ubov transformation from bare density/lling utuation
to initial vauum quasipartile operators bˆκ, labeled by
the mode index κ,
δnˆκ =
√
ne−piν/2Wiν,1/2(2iτκ) bˆκ + h.c. (17)
The initial vauum quasipartile operators bˆκ annihilate
the adiabati superuid ground state bˆκ |in〉 = 0 at early
times τκ ↓ −∞, where the modes osillate like e±iτκ .
(Note that the saling time τκ is dimensionless). The
phase utuations are obtained using the relation δφˆκ =
− 12ndδnˆκ/dτκ following from (11) and (14),
δφˆκ = −e
−piν/2
2
√
n
dWiν,1/2(2iτκ)
dτκ
bˆκ + h.c. (18)
The analytial saling solution thus obtained represents,
to the best of our knowledge, the rst example of an exat
solution of the (nonintegrable) Bose-Hubbard model on
the Bogoliubov mean-eld level in a dynamial situation.
Due to the perfet saling solution in Eq. (17), the
frozen value of the number utuations at late times,
when τκ → 0, is independent of κ, but the deaying or-
retions do depend on the eigenvalue λκ:
〈δnˆ2κ〉 ≡ 〈in| (δnˆκ)2 |in〉 = n
1− e−2piν
2piν
+O(tλκe−γt) .(19)
Sine the leading term is independent of κ, it just yields a
loal (∝ δα,β) ontribution after the mode sum (κ → α)
and thus leads to frozen on-site number variations.
In ontrast to the number utuations whih freeze
aording to (19), the onjugate phase utuations grow
(as one would expet when approahing the Mott phase).
From our analytial result (18), we onlude that they
inrease (initially) quadratially in time:
〈δφˆ2κ〉 = ν
1− e−2piν
2pin
γ2t2 +O(γt lnλκ) . (20)
Again, like for the number utuations, the leading (rst)
term is independent of the mode index κ and yields the
on-site phase utuations 〈δφˆ2α〉. The o-site phase or-
relations 〈δφˆαδφˆβ〉, orresponding to the seond term,
grow linearly in time (initially).
B. Final state
All the results so far were obtained by a ontrolled
extrapolation of the mean-eld expansion (6) from the
weak-oupling (J dominates) into the strong-oupling
regime (U dominates) and hene are only valid as long
as the quantum depletion 〈χˆ†αχˆα〉 is small, i.e., the on-
densate ψ0 dominates. In the strong-oupling regime,
however, the quantum depletion grows (on a time-sale
of order
√
n) and nally invalidates the mean-eld expan-
sion (6). Fortunately, we may also analytially desribe
the ensuing stages of the quantum evolution, beause the
tunneling rate J(t ≫ 1/γ) ≪ 1 is exponentially small
and an be ompletely negleted. In this ompletely
interation-dominated limit, the evolution of the site op-
erators an be approximated by daˆα/dt = −iUnˆαaˆα,
whih possesses the simple exponential solution
aˆα(t) = exp{−iUnˆ0αt}aˆ0α (J≪ 1) . (21)
Consequently, we may alulate the time evolution of
orrelation funtions throughout the dynamis (i.e., for
all t) by using the results of the mean-eld expansion,
whih are valid for intermediate times with γt ≫ 1 and
Ut
√
n ≪ 1, as initial onditions, and then swithing to
the above solution (21) for later stages.
A frequently used indiator for distinguishing the su-
peruid from the Mott phase is the o-diagonal long-
6range order (ODLRO) usually assoiated to the rst-
order orrelation funtion 〈aˆ†α(t)aˆβ(t)〉. Using the re-
sults above, we may derive an analytial expression for
the time-dependene of 〈aˆ†α(t)aˆβ(t)〉 during and after the
sweep. From (21), we obtain for the orrelator
〈aˆ†α(t)aˆβ(t)〉 = n〈exp{iU(nˆα − nˆβ)t}〉+O(
√
n) . (22)
On the other hand, the frozen rst-order number utu-
ations δnˆα are then in a squeezed state whih an (for
n≫ 1) be approximated by a (ontinuous) Gaussian dis-
tribution. For a Gaussian variable X with 〈X〉 = 0, the
exponential average yields 〈exp{iX}〉 = exp{−〈X2〉/2}
and hene we nally get
〈aˆ†α(t)aˆβ(t)〉 ≈ n exp{−U2t2∆2(nα)} , (23)
where the on-site number variations are given by (19)
∆2(nα) = 〈nˆ2α〉 − 〈nˆα〉2 = 〈δnˆ2α〉 = n
1− e−2piν
2piν
. (24)
The result (23) represents an extension to the present
period lattie geometry of the result obtained in [28℄,
where the interation-indued deay of oherene in a
double-well trap was studied. The Fourier transform
of the rst-order orrelation funtion 〈aˆ†α(t)aˆβ(t)〉 deter-
mines the orresponding momentum distribution fun-
tion g1(k). The deay of the o-diagonal long-range order
(ODLRO) in (23) thus diretly orresponds to a tempo-
ral derease of the peak in g1(k) at k = 0, measurable in
time-of-ight experiments [29, 30℄.
In summary, the state obtained with J(t≫ 1/γ)≪ 1
(while still maintaining Ut
√
n ≪ 1, i.e. at intermediate
times), whih has frozen number utuations aording
to (19), forms an appropriate initial many-body quantum
state for the further evolution beyond mean-eld into the
strongly orrelated Mott phase.
C. Inreasing the interation oupling
Another possibility to approah the Mott phase dy-
namially is to inrease U in time. This an be experi-
mentally realized using a time-dependent sweep through
a Feshbah resonane, whih varies the s-wave sattering
length as, and thus U only, while keeping V0 and thus
J xed. Sine Eq. (15) depends on the ratio U/J only,
inreasing U is analogous to dereasing J . Therefore, we
an establish an exat duality between the results ob-
tained for J = J(t) and the present U = U(t), i.e., every
analyti solution in table I of Se. III A orresponds to
a dual expression for U = U(t) after inorporating the
transformation t→ τ of the time oordinate in Eq. (14).
For a power-law dependene U ∝ tα, Eq. (15) possesses
formally the same solution as for J ∝ τ−α. Transforming
bak to the laboratory time via Eq. (14), this orresponds
to J ∝ t−α/(α+1) while the two limiting ases α = −1
and α = ∞ orrespond to exponential dependenes, see
J(t) Dual U(t) Dual Range
J0e
−γt U0(γt)
−1 −∞ < t < 0
J0(γt)
−2 U0(γt)
−2 −∞ < t < 0
J0(γt)
−1 U0e
γt −∞ < t <∞
J0(γt)
−2/3 U0(γt)
2 0 < t <∞
J0(γt)
−1/2 U0γt 0 < t <∞
TABLE II: Important dual ases for temporal variations of
U and J . Given the solution for the rst olumn, we an
immediately onlude, by a simple time transformation, on
the solution for the seond olumn, and vie versa.
Tab. II. Due to the transformation t→ τ of the time o-
ordinate in Eq. (14), the solutions for U(t) do not freeze
in terms of the laboratory time t→∞.
Again, it is likely that most of the dynamis U(t) are
hard to realize experimentally. Therefore, we fous on
the linear inrease, U(t) = γt, in the following, sine this
ase is probably lose to an experimental set-up. For a
linear growth (dually orresponding to J(t) ∝ 1/√t), we
an dene a saling time using a simple κ-dependent shift
of the time origin,
τκ = t+
Jλκ
2nγ
⇔ dτκ = dt , (25)
Introduing this saling time into the equation for phase
utuations(
∂
∂t
1
2nU(t) + Jλκ
∂
∂t
+ Jλκ
)
δφˆκ = 0 , (26)
we obtain a saling equation of the following form(
∂
∂τκ
1
τκ
∂
∂τκ
+ 2nγJλκ
)
δφˆκ = 0 . (27)
The solution of this equation an be found in terms of
Hankel funtions and leads us to the following Bogoliubov
transformation for the phase utuations
δφˆκ = CˆκτκH
(1)
2/3
(
2
3
√
2nγJλκ τ
3/2
κ
)
+ h.c. (28)
where H
(1)
ν and H
(2)
ν = (H
(1)
ν )∗ are Hankel funtions of
the rst and seond kind, respetively. Note that the
index is mode number κ-independent, like the solution
for exponential derease of J in (17). In ontrast to the
above-disussed ase of an exponential deay of J , ap-
proahing the hard-ore limit by letting U grow (lin-
early), we do not obtain frozen number utuations at
late times τκ ↑ ∞. We then have, instead, inreasingly
rapid osillations of utuating lling
δnˆκ = − 1
γτκ
dδφκ
dτκ
= ˆ˜Cκτ
1/2
κ H
(1)
1/3
(
2
3
√
2nγJλκ τ
3/2
κ
)
+ h.c.,(29)
7where the operators
ˆ˜Cκ are proportional to the Cˆκ in
(28). Due to the asymptoti (large x) behavior Hν(x)→√
2/pix exp[i(x − νpi/2 − pi/4)], we have at late times
δnˆκ ∝ t−1/4 exp[i 23
√
2nγJλκt
3/2]+h.. From (28), we
derive the orresponding slow inrease of the amplitude
of phase utuations, δφˆκ ∝ t1/4 exp[i 23
√
2nγJλκt
3/2]+
h.., with the same inrease of the osillation frequeny.
D. Quantum depletion
Approahing the Mott phase entails that the onden-
sate beomes depleted due to Bogoliubov quasipartile
exitations reated above the (still superuid) ground
state. We stress that the quantum depletion we alulate
below expliitly depends on J = J(t) [or U = U(t)℄ in a
partiular manner. Thus it is possible, within our on-
trolled mean-eld sheme, to unambiguously identify the
number squeezing (related to the depletion) aused by
the reation of the exitations, and to distinguish it from
eets oming from the time dependene of the mean-
eld in the Gross-Pitaevski equation (whih were dis-
ussed in [38℄).
The (relative) depletion is dened by the expression
D ≡
∑
α〈χˆ†αχˆα〉∑
α nα
. (30)
Conentrating here on J = J0 exp[−γt], where as shown
in setion III A number utuations freeze, and using that
the loal depletion is given by χˆ†αχˆα = δnˆ
2
α/(4n)+nδφˆ
2
α+
1/2, we have from (19) and (20),
D = 〈χˆ
†
αχˆα〉
n
≃ 1
2pin
(
νγ2t2 +
1
ν
)(
1− e−2piν)+ 1
2n
≃


U2nt2 ν ≪ 1
Uγt2
2pi
ν ≫ 1
(31)
whih is valid provided that the mean-eld ondition
Ut
√
n≪ 1 holds  whih implies D ≪ 1. The phase u-
tuations aused by the sweep always dominate the num-
ber utuations in the limit assumed throughout, n≫ 1
(while still keeping Ut
√
n≪ 1).
E. Comparison to ontinuum saling
Up to now we have treated the homogeneous ase. If
the lattie is embedded in an external harmoni trap-
ping potential, like in experiment, the derived analyti-
al solutions for J ∝ exp[−γt] and U ∝ t are not ex-
atly valid anymore. However, in the ontinuum limit,
the well-known saling approah for a bulk gas in a har-
moni trapping potential [33, 34, 35℄ an be applied and
it is rather interesting to ontrast this approah with our
saling solutions on the lattie (17) and (29).
The ontinuum saling equations of motion in 1D read
b¨(t) +
J(t)
J0
ω20b(t)−
J˙(t)
J(t)
b˙(t) =
J(t)
J0
U(t)
U0
ω20
b2(t)
, (32)
where b(t) denotes the time-dependent saling parame-
ter [33, 34, 35℄ while ω0, J0, and U0 are the initial values
for trap frequeny, tunneling, and interation rate, re-
spetively. We onlude from Eq. (32) that the temporal
hange of J(t) orresponds to a hange in the (inverse)
eetive mass of the bosons.
For J(t) = J0e
−γt
, the eetive harmoni trapping fre-
queny beomes exponentially slower, and the saling fa-
tor motion onsequently overdamped due to the resulting
onstant (Ohmi) damping. This damping orresponds
to the derived freezing of the number utuations and
inrease of phase utuations on the lattie:
b¨(t) + γb˙(t) + e−γtω20b(t) =
e−γtω20
b2(t)
. (33)
Conversely, for U(t) linearly inreasing in time, and on-
stant J , due to the driving term on the right-hand side
of (32), the saling fator begins to osillate inreasingly
fast, like already observed from the exat solution on the
lattie, Eq. (29).
IV. NONEQUILIBRIUM QUANTUM EFFECTS
IN INHOMOGENEOUS SYSTEMS
In the additional presene of an optial lattie, the be-
havior of the system depends on the relation between
the inhomogeneity of the trap potential Vα and the en-
tral lling ncenter ≫ 1. If the potential Vα is rather
shallow, the system develops a wedding ake struture
near the boundaries, where the lling is small and hene
the Mott phase emerges [3, 36℄. For stronger inhomo-
geneities of Vα and/or larger entral llings ncenter ≫ 1,
on the other hand, two-body interations U(aˆ†α)
2aˆ2α in
(1) an be negleted in omparison with the tunneling
term JMαβaˆ
†
αaˆβ and the potential gradient of Vαnˆα due
to U = O(1/ncenter). Intuitively speaking, the various
rims of the wedding ake would be ompressed into a
single lattie site and hene disappear.
Lowering J towards the (rst) phase transition point,
the wedding ake struture gradually develops by Mott
insulator shells propagating inwards from the outer low
density edges of the gas loud. Therefore, we have to
study the question of whether the results derived above
for the homogeneous ase  suh as the temporal deay of
the oherene peak of the momentum distribution fun-
tion g1(k) due to number squeezing eets  an still be
observed in the presene of an external trap. Clearly,
near the boundaries inhomogeneity eets will be impor-
tant. However, in the entral region, the homogeneity
assumption should provide a good approximation  pro-
vided that the momentum distribution funtion g1(k) de-
ays fast enough, i.e., before the Mott insulator shells
8propagating inwards reah the enter. From Eq. (23), we
onlude that the typial time for the peak at zero wave
vetor of the momentum distribution funtion g1(k = 0)
to deay (say, one e-folding) is generally saling with
1/
√
n, i.e., we have
td =
1
U
√
n
(ν ≪ 1), td = 1
U
√
ν
n
(ν ≫ 1) .(34)
To larify the question above without resorting to brute
fore numerial omputation, using simple analytial
means, we onsider in what follows various possible
modes of the disturbane propagation of the orretions
to mean-eld, to determine the dominant, i.e. most
rapid, mode of propagation.
A. Propagation of sound and shok waves
The speed of sound in a 1D optial lattie, for large
lling n, an be derived from the dispersion law [37℄
ω2k = 4nUJ sin
2
(
ka
2
)
+ 4J2 sin4
(
ka
2
)
, (35)
where the lattie spaing a = λ/2 is determined by the
laser wavelength λ [the eigenvalues of Mαβ in this ase
are λk = 2 sin
2(ka/2), from whih, using (12), the above
dispersion law follows℄. This leads for k → 0 to the sound
speed
cs = a
√
nUJ = pi
√
nUJ
2mER
. (36)
A ondition for the undisturbed observability of the de-
ay of g1(k) is, then, that the time for sound pertur-
bations to propagate to the enter is muh larger than
the deay time td, i.e., RTF /(cs)0 ≫ td, where the
Thomas-Fermi size of the harmonially trapped loud
RTF =
√
2mUn0/ω2, with n0 the entral lling and en-
tral sound speed (cs)0 = cs(J = J0, n = n0). We then
obtain that, using Jc ∼ U/n
2U
piω
√
ER
J
≫ 1√
n
⇐⇒ 2
piω
√
UER
J/Jc
≫ 1
n
(37)
has to be fullled for a rapid quenh, ν ≪ 1. This ondi-
tion is pratially always fullled if the optial lattie is
not too tightly harmonially trapped: With a laser wave-
length of λ = 985 nm, we have ER ≃ 3.7 kHz for 87Rb and
ER ≃ 8.9 kHz for Na, while typial values for the on-site
interation are U ∼ 10−2 · · · 10−3ER [6℄; furthermore,
ω in the weakly onning diretion(s) does not exeed
100Hz. For a slow quenh, the right-hand side of the
above inequality (37) reads
√
ν/n (respetively
√
ν/n)
instead, and the inequality will only be fullled if ν is
not too large, i.e., if the sweep is not too slow (as one
would expet).
It is a well-established fat that shok waves in a homo-
geneous medium an propagate muh faster than sound;
we therefore need to estimate if shok waves might over-
take the sound waves in the proeeding quenh. However,
aording to the study of [39℄, the propagation of shok
waves in the optial lattie proeeds at speeds slower than
that of the sound waves for all values of J < 13nU ; the dis-
persion relation (35) then has negative urvature for all k.
This ondition translates into (J/Jc)(1/n
2) . 13 . There-
fore, lose to the Mott transition, and for suiently
large lling, shok waves always propagate slower than
sound, as opposed to the uniform system.
B. Propagation of the phase boundary between
superuid and Mott phases
In the two examples above (sound and shok waves),
we studied the propagation within a given phase (the
superuid phase). However, one might objet that the
motion of the superuid-Mott phase boundary ould per-
haps be muh faster. Clearly, the typial time sale to
overome one lattie site will again be set by the tunnel-
ing rate J , but this rate ould possibly be enhaned (or
suppressed) by a large lling fator n≫ 1. In general, the
orret desription of the propagation of a phase bound-
ary in the Bose-Hubbard model is a very interesting and
quite involved problem. In the following, we derive a
rough estimate using the simpler two-site Bose-Hubbard
model (a Bose-Einstein ondensate Josephson juntion),
desribed by the Hamiltonian
Hˆ = J(aˆ1aˆ
†
2 + aˆ
†
1aˆ2) +O(U) . (38)
In one site (aˆ1), we model the superuid phase by a o-
herent state, while the other side (aˆ2) is prepared in a
number eigenstate simulating the Mott phase, f. Fig. 2.
Therefore, the ombined initial state fatorizes∣∣ψ012〉 = ∣∣ψ01〉⊗ ∣∣ψ02〉 , (39)
into a oherent state
∣∣ψ01〉 and a number eigenstate ∣∣ψ02〉
aˆ1
∣∣ψ01〉 = α1 ∣∣ψ01〉 , nˆ2 ∣∣ψ02〉 = n2 ∣∣ψ02〉 . (40)
Now the question is the following: how fast does the
phase oherene of the oherent state (superuid) deay
due to the oupling with the other site (Mott)? Sine
the propagating superuid-Mott phase boundary is (like
a shok wave) presumably very sharp, this site-to-site
behavior should provide a rough stimate for the prop-
agation speed. Of ourse, there will also be an on-site
dephasing aused by the self-interation U , but this pro-
ess preisely orresponds to the homogeneous growth of
the phase utuations onsidered in the present Artile
and is independent of the moving phase boundary.
Without loss of generality, we assume α1 ∈ R, i.e.,
〈pˆ1〉0 = 0 and 〈qˆ1〉0 6= 0 in terms of the anonial vari-
ables qˆ1 = (aˆ
†
1 + aˆ1)/
√
2 and pˆ1 = i(aˆ
†
1 − aˆ1)/
√
2. The
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FIG. 2: [Color online℄ Phase spae diagram (not to sale) of
the oherent state (left) and the number eigenstate (right).
initial phase unertainty is given by, f. Fig. 2
〈(∆ϕˆ1)2〉0 = 〈pˆ
2
1〉0
〈qˆ1〉20
= O
(
1
α21
)
= O
(
1
〈nˆ1〉
)
, (41)
whih is the usual result for a oherent state. Now, if we
insert the time evolution in the Heisenberg piture
pˆ1(t) = pˆ1(0) + Jtqˆ2(0) +O(J2t2) , (42)
we nd a gradual inrease of the phase variane
〈(∆ϕˆ1)2〉(t) = 〈(∆ϕˆ1)2〉0 + J2t2 〈qˆ
2
2〉0
〈qˆ1〉20
, (43)
whih just orresponds to the dephasing indued by the
oupling to the other site. Sine the phase utuations
of the other site are maximally large 〈qˆ22〉0 = O(n2), we
get together with 〈qˆ1〉0 = O(√n1) the nal result
〈(∆ϕˆ1)2〉(t) = O
(
1
n1
)
+O
(
J2t2
n2
n1
)
. (44)
Hene, for equal (mean) llings n1 = n2 = n, the typial
dephasing time sale 〈(∆ϕˆ1)2〉 = O(1) is just determined
by the tunneling rate J without suppression or enhane-
ment by additional fators of n≫ 1.
To summarize, the propagation veloity of the two-site
model for the phase boundary is of order v2 = O(aJ).
The ratio of the maximal sound speed from (36) to v2 is
given by
cs
v2
∼
√
nU
J
∼ n√
J/Jc
. (45)
It follows that sound waves are the dominant, i.e., most
rapid mode of propagation of the disturbanes aused by
the Mott insulator shells, due to the n-dependent olle-
tive enhanement fator, whih is absent at least from
the simple two-site model for the phase boundary prop-
agation.
V. EFFECTIVE SPACETIME AT LARGE
WAVELENGTHS
The freezing of the number utuations obtained in
setion III A an niely be explained via the analogy to
the kinematis of quantum elds in gravity, valid at large
length sales and low energies. At large wavelengths
λ ≫ a, the lattie struture is not important for the
propagation of disturbanes and the system behaves like
an ordinary (possibly inhomogeneous and moving) su-
peruid. [This is preisely the limit in whih the saling
Eq. (32) holds.℄ In the ontinuum limit, the exitations
(phonons) possess a linear spetrum at low energies and
behave in omplete analogy to salar (quantum) elds in
urved spae-times [40, 41℄.
The ase of a dereasing tunneling rate J(t) is anal-
ogous to an expanding universe. This an be seen by
means of the evolution equation (13) in the limit of small
wavenumbers k =
√
8λκ/a(
∂
∂t
1
J(t)
∂
∂t
− Una2∇2
)
δnˆ(x, t) = 0 , (46)
whih is idential to the wave equation for a salar eld
mode in an expanding universe [42, 43℄. If the speed
of sound c2s(t) = Una
2J(t) dereases fast enough (e.g.,
exponentially), phonons annot propagate arbitrarily far
but may only travel a nite distane. In analogy to os-
mology, this orresponds to the emergene of a horizon
∆h(t) =
∞∫
t
dt′ cs(t
′) = a
∞∫
t
dt′
√
J(t′)Un . (47)
The onvergene of the above integral for t′ → ∞ then
indiates the emergene of a horizon. This observation
mathes the onlusions of Setion IIIA, where we found
that the solutions for J ∝ t−α with α < 2 do not freeze
at late times but osillate forever (no horizon). For an
exponential sweep, on the other hand, the integral on-
verges and a horizon exists. Beause its size shrinks expo-
nentially ∆h(t) = 2
√
J0Un exp[−γt/2]/γ, it engulfs any
given mode with wavelength λ after some time. There-
fore, the evolution of the phonon modes passes through
three stages: osillation λ ≪ ∆h(t<), horizon rossing
λ = ∆h(t=), and freezing λ≫ ∆h(t>). Sine eah mode
an be mapped to a harmoni osillator, this evolution
orresponds to the transition from underdamped to over-
damped regime, whih an be seen by rewriting (46) as(
∂2
∂t2
− J˙
J
∂
∂t
− J(t)Una2∇2
)
δnˆ(x, t) = 0 . (48)
Hene, identifying J˙/J with the Hubble onstant (whih
is indeed a onstant for the exponential sweep), the freez-
ing of the number utuations and the reation of a num-
ber squeezed state by the exponential sweep onsidered
in this Artile is ompletely analogous to osmi ination
[42℄. During this very early epoh of the osmi evolu-
tion, the rapid expansion of spae indued a squeezing
of the quantum utuations of the inaton salar eld
 traes of these frozen and amplied quantum utua-
tions an still be observed today in the anisotropies of
the osmi miro-wave bakground radiation.
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For the Bose-Hubbard model with generally time-
dependent oeients J(t) and U(t), we developed a
rigorously ontrolled and number-onserving mean-eld
expansion for large lling n ≫ 1 as a generalization of
the original theory of Bogoliubov to the lattie. This
allows us to study non-equlibrium quantum phenom-
ena ouring in the sweep from the superuid to the
Mott phase. For two experimentally relevant ases 
an exponential deay of the tunneling rate J(t) and a
linear inrease of the interation oupling U(t), respe-
tively  we found exat saling solutions whih failitate
fully analytial expressions for the time-dependene of
the Bogoliubov exitations and the resulting quantum
depletion. Moreover, we were able to establish a du-
ality between various power-law behaviors of U(t) and
J(t), whih enables transferring one solution obtained for
J = J(t), U = onst. into one for U = U(t), J = onst.,
and vie versa.
In the rst ase (exponentially deaying tunneling
rate), we observe freezing and squeezing of the initial
quantum number utuations in omplete analogy to os-
mology. The nal state and its energeti position be-
tween the (initial) oherent state and the Mott phase
(nal ground state) depends on a single adiabatiity pa-
rameter ν, whih is given by the ratio of the (external)
sweep rate and the (internal) hemial potential. This
parameter also governs the deay of o-diagonal long-
range order.
Sine the Bose-Hubbard model is onsidered a proto-
typial example for quantum ritiality, we expet our
ndings to ontribute to the general understanding of
dynamial quantum phase transitions. Furthermore, by
estimating the appliability of our results derived for the
homogeneous ase to the real experimental situation with
harmoni trapping present, we found that the predited
eets should be observable with urrent optial lattie
tehnology.
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